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I.   Introduction 

The  substantive  contributions  of  continuous-time  analysis  to  the  de- 
velopment of  financial  economic  theory  are  discussed  at  length  in  an  earlier 
paper—  where  special  emphasis  was  placed  on  the  contributions  to  the  theories 
of  intertemporal  portfolio  selection  and  the  pricing  of  corporate  liabilities. 
By  assuming  that  trading  takes  place  continuously  in  time  and  that  the  under- 
lying stochastic  variables  follow  diffusion-type  motions  with  continuous 
sample  paths,  a  set  of  behavioral  equations  were  derived  which  are  both 
simplier  and  richer  than  those  derived  from  the  usual  discrete-trading  model 
assumptions.   Of  course,  the  benefits  of  using  the  continuous- time  mode  of 
analysis  are  not  derived  without  some  "cost."  The  central  purpose  of  this 
paper  is  to  determine  what  these  costs  are  and,  if  possible,  minimize  them. 

The  cost  has  two  components.  The  first,  and  by  far  the  more  important, 
component  is  the  robustness  of  the  economic  assumptions  required  for  the 
valid  application  of  the  continuous-time  analysis.  Vifhile  the  assumptions 
"are  what  they  are,"  and,  in  that  sense,  the  cost  of  making  them  cannot  be 
reduced,  the  way  in  which  they  are  frequently  stated  in  the  substantive  litera- 
ture can  make  them  appear  to  be  more  restrictive  than  they  indeed  are.   Hence, 
the  "perceived"  cost  of  these  assumptions  may  be  reduced  by  the  in-depth  de- 
velopment of  the  analysis  presented  here. 
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The  second  component  of  cost  is  that  the  mathematical  tools  required 
for  the  formal  manipulations  used  to  derive  the  continuous-time  equations 
are  somewhat  specialized  and,  therefore,  may  not  be  familiar.   For  example, 
the  sample  paths  for  stochastic  variables  generated  by  diffusion  processes, 
while  continuous,  are  almost  nowhere  dif ferentiable  in  the  usual  sense, 
and  therefore  a  more  general  type  of  differential  equation  is  required  to  ex- 
press the  dynamics  of  such  processes.  While  there  is  a  substantial  mathematics 

2/ 
literature  on  these  generalized  stochastic  equations,—  the  derivations, 

although  elegant,  are  often  cryptic  and  difficult  to  follow.  Moreover,  these 
derivations  provide  little  insight  into  the  relationships  between  the  formal 
mathematical  assumptions  and  the  corresponding  economic  assumptions.   Hence, 
this  paper  attempts  to  bridge  this  gap  by  using  only  elementary  probability 
methods  to  derive  the  basic  mathematical  theorems  required  for  continuous- 
time  analysis  and  as  part  of  the  derivations  to  make  explicit  the  economic 
assumptions  implicitly  imbedded  in  the  mathematical  assumptions.    , 

Of  course,  continuous  trading  like  any  other  continuous  revision  process 
is  an  abstraction  from  physical  reality.   However,  if  the  length  of  time  be- 
tween revisions  is  very  short  (or  indeterminately  small) ,  then  the  continuous- 
trading  solution  will  be  a  reasonable  approximation  to  the  discrete-trading 
solution.   Whether  or  not  the  length  of  time  between  revisions  is  short 
enough  for  the  continuous  solution  to  provide  a  good  approximation  must  be 
decided  on  a  case-by-case  basis,  by  making  a  relative  comparison  with  other 
time  scales  in  the  problem.   The  analysis  in  this  paper  is  presented  in  the 
context  of  a  securities  market  where,  in  fact,  the  length  of  time  between 
observed  transactions  ranges  from  at  most  a  few  days  to  less  than  a  minute. 


-  3  - 


However,  the  continuous  analysis  can  provide  a  good  approximation  even  if 
the  length  of  time  between  revisions  is  not  this  short.   For  example,  in  the 
analysis  of  long-run  economic  growth  in  a  neoclassical  capital  model,  it  is 
the  practice  to  neglect  "short-run"  business  cycle  fluctuations  and  to 
assume  a  full-employment  economy.  Moreover,  the  exogeneous  factors  usually 
assumed  to  affect  the  time  path  of  the  economy  in  such  models  are  either  demo- 
graphic or  technological  changes.   Since  major  changes  in  either  generally 
take  place  over  rather  long  periods  of  time,  the  length  of  time  between 

revisions  in  the  capital  stock,  while  hardly  instantaneous,  may  well  be  quite 

3/ 
short  relative  to  the  scale  of  the  exogeneous  factors.—   With  this  as  back- 


ground, we  now  turn  to  the  analysis, 
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Let  h  denote  the  trading  horizon  which  is  the  minimum  length  of  time 
between  which  successive  transactions  by  investors  can  be  made  in  the 
securities  market.   In  a  sequence-of-markets  analysis,  it  is  the  length  of 
time  between  successive  market  openings  and  is,  of  course,  part  of  the 
specification  of  the  structure  of  markets  in  the  economy.  While  this 
structure  will  depend  upon  the  tradeoff  between  the  costs  of  operating 
the  market  and  its  benefits,  this  time  scale  is  not  determined  by  the  in- 
dividual investor  and  is  the  same  for  all  investors  in  the  economy.   If 
X(t)  denotes  the  price  of  a  security  at  time  t,  then  the  change  in  the 
price  of  the  security  between  time  t=0  andi'time  T  =  nh  >  0,  can  be  written  as 

(1)  X(T)  -  X(0)   =  e"  [X(k)  -  X(k-l)] 

where  n  is  the  number  of  trading  intervals  between  time  0  and  T  and 
[X(k)  -  X(k-l)],  which  is  a  shorthand  for  [X(kh)  -  X((k-l)h)],  is  the 

change  in  price  over  the  kth  trading  interval,  k=l,  2 n. 

The  continuous-trading  assumption  implies  that  the  trading  interval  h 
is  equal  to  the  continuous-time  infinitesimal  dt,  and  as  is  usual  for 
differential  calculus,  all  terms  of  higher  order  than  dt  wiil  be  neglected. 
To  derivteitbe^ economic  implications  of  cintlnueuewtrading,  it, is 
necessary  to  derive  the  mathematical  properties  of  the  time  series  of 
price  changes  in  this  environoment.   Specifically,  the  limiting  distribu- 
tional properties  are  derived  for  both  the  price  change  over  a  single 
trading  interval  and  the  change  over  a  fixed,  finite  time  interval  T  as 
the  length  of  the  trading  interval  becomes  very  small  and  the  number  of 
trading  intervals  in  [0,T],  n,  becomes  very  large.   In  interpreting 
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this  limit  analysis  it  may  be  helpful  to  think  of  the  process  as  a  sequence 
of  market  structures  where  in  each  stage  of  the  sequence,  the  institutionally- 
imposed  length  of  the  trading  interval  is  reduced  from  the  previous  stage. 
So,  for  example,  the  limiting  mathematical  analysis  shows  how  the  distribu- 
tion of  a  given  security's  price  change  over  one  year  will  change  as  a 
result  of  changing  the  trading  intervals  from  monthly  to  weekly.   As  I 
have  emphasized  elsewhere,—  it  is  unreasonable  to  assume  that  the  equili- 
brium distribution  of  returns  on  a  security  over  a  specified  time  period 
(e.g.,  one  year)  will  be  invariant  to  the  trading  interval  for  that  security 
because  investors'  optimal  demand  functions  will  depend  upon  how  fre- 
quently they  can  revise  their  portfolios.   Therefore,  it  should  be  pointed 
out  that  nowhere  in  the  analysis  presented  here  is  it  assumed  that  the  dis- 
tribution of  X(T)  -  X(0)  is  invariant  to  h. 

Define  the  conditional  expectation  operator,  "E  ",  to  be  the  expecta- 
tion operator  conditional,  on  knowing  all  relevant  information  revealed  as 
of  time  t  or  before.   Define  the  random  variables,  c(k),  by 

(2)  e(k)   E  X(k)  -  X(k-l)  -  Ej^_j^[X(k)  -  X(k-l)  ] ,   k=l,  .  .  .,  n 

where  "time  k"  is  used  as  a  shorthand  for  "time  kh."  By  construction, 
E  1 (e. )  =  0,  and  e(k)  is  the  unanticipated  price  change  in  the  security 
between  k-1  and  k,  conditional  on  being  at  time  k-1.   Moreover,  by  the 
properties  of  conditional  expectation,  it  follows  that  Ej^_,(e(k))  =  0  for 
j=l,  .  .  .,  k.  Hence,  the  partial  sums  S  E  Z  e(k),  form  a  martingale. — 
As  will  be  seen,  the  mathematical  analysis  to  follow  depends  heavily  on 
the  properties  of  martingales.   Since  the  theory  of  martingales  is 
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usually  associated  in  the  financial  economics  literature  with  the  "effi- 

6  / 
cient  markets  hypothesis"  of  Fama  and  Samuelson, —  the  reader  may  be 

tempted  to  connect  this  property  of  the  unanticipated  returns  here  with 

some  implicit  assumption  that  "securities  are  priced  correctly."  However, 

the  martingale  property  of  the  unanticipated  returns  here  is  purely  a 

result  of  construction,  and  therefore  imposes  no  such  economic  assumption. 

However,  two  economic  assumptions  that  will  be  imposed  are: 

Assumption  (E.l)   For  each  finite  time  interval  [0,T], 
there  exists  a  number  A^  >  0,  independent  of  the  number 
of  trading  intervals,  n,  such  that  Var(S  )  ^  A^  where 
Var(S^)  E  E^([I^e(k)]^. 

Assumption  (E.2)   For  each  finite  time  interval  [0,T], 

there  exists  a  number  A„  <  0°,  independent  of  n,  such 

that  Var(S  )  <  A„. 
n  —  2 

Assumption  (E.l)  ensures  that  the  uncertainty  associated  with  the  un- 
anticipated price  changes  is  not  "washed  out"  or  eliminated  even  in  the 
limit  of  continuous  trading.   I.e.,  even  as  h  ->■  dt,  the  "end-of -period" 
price  at  time  k  will  be  uncertain  relative  to  time  (k-1) .   This  assumption 
is  essential  for  the  continuous-trading  model  to  capture  this  fundamental 
property  of  common  stock  price  behavior. 

Assumption  (E.2)  ensures  that  the  uncertainty  associated  with  the  un- 
anticipated price  changes  over  a  finite  period  of  time  is  not  so  great  that 
the  variance  becomes  unbounded.   While  this  rules  out  the  Pareto-Levy 

stable  distributions  with  infinite  variances  which  have  received  some 

7/ 
attention  in  the  financial  economics  literature, —  the  main  reason  for 
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imposing  this  assumption  is  to  rule  out  infinite-variance  distributions 
induced  by  the  limiting  process  of  shorter  trading  intervals.   I.e.,  sup- 
pose the  fundamental  uncertainties  in  the  economy  are  such  that  for  some 
finite  trading  interval  in  the  sequence  of  market  structures,  X(T)  -  X(0) 
has  a  finite  variance.  Then  (E.2)  simply  rules  out  the  possibility  that  the 
very  act  of  allowing  more  frequent  trading  will  induce  sufficient  price 
instability  so  as  to  cause  the  limiting  variance  of  X(T)  -  X(0)  to  become 
unbounded.   There  is  an  important  economic  distinction  between  the  case 
where  the  exogeneous  uncertainties  of  the  economy  are  such  that  X(T)  -  X(0) 
always  has  infinite  variance  independent  of  the  trading  interval  and  the 
case  where  the  infinite  variance  is  endogeneously  induced  by  shortening 
the  trading  interval.         In   the  former  case,  investors  would  always 
prefer  to  have  a  market  structure  which  allows  them  to  revise  their  port- 
folios more  frequently.  However,  in  the  latter  case,  this  preference  need 

no  longer  obtain  even  in  the  absence  of  any  operating  costs  for  the  market. 

2 
Define  V(k)  E  E  [e(k)]  ,  k=l,  2,  .  .  . ,  n,  to  be  the  variance  of  the 

dollar  return  on  the  security  between  time  (k-1)  and  k  based  upon  information 

available  as  of  time  zero,  and  define  V  =  Max{V(k)}. 

Assumption  (E.3)   There  exists  a  number,  A  ,  1  >^  A  >  0,  inde- 
pendent of  n,  such  that  for  k=l,  .  .  . ,  n,  V(k)/V  ^  A.. 

Assumption  (E.3)  is  closely  related  to  (E.l)  and,  in  effect,  rules  out  the 
possibility  that  all  the  uncertainty  in  the  unanticipated  price  changes 

over  [0,T]  is  concentrated  in  a  few  of  the  many  trading  periods.   I.e., 
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there  is  significant  price  uncertainty  in  virtually  all  trading  periods. — 
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Define  the  asymptotic  order  symbols  0(h)  and  o(h)  by  fCh)  =  0(h)  if 
limit  ['i'(h)/h]  is  bounded  as  h  -»■  0  and  by  l'(h)  =  o(h)  if  limit  [H'(h)/h]  =  0 
as  h  -+  0. 

Proposition  (P.l)   If  assumptions  (E.l),  (E.2),  and  (E.3) 
hold,  then  V(k)  =  0(h)  and  V(k)  i^   o(h),  k=l,  .  .  .  ,  n.   I.e., 
as  h  -♦■  0 ,  V(k)  is  asymptotically  proportional  to  h  where  the 
proportionality  factor  is  positive. 

Proof:  Var(S^)  =  E^^^?^"  e(k)e(j)}  =  z"e^  E  [e(k)e(j)].  Consider 

a  typical  term  in  the  double  sum,  E  [£(k)e(j)].  Suppose  k  !^  j . 
Choose  k>.  j.   Then,  E^[e(k)e(j)]  =  E^re(j)E.  [e(k)  ]]  .   But,  by 


con- 


struction, E.[£(k)]  =  0,  j  <  k.  Hence,  E  [e(k)e(j)]  =  0 
for  k  ?«  j.   Therefore,  Var(S^)  =  Z"  V(k)  .   From  (E.3)  and 
(E.2),  nV  A^  <  Z^  V(k)  <  k^,    and  therefore,  V(k)  <  a  h/A  T 
where  0  <  {k^l k^  <   «>.   Hence,  V(k)  =  0(h).   From  (E.3)  and 
(E.l),  V(k)  >  (A^/A  )h/T  where  (A  /A  )  >  0.   Hence,  V(k)  i'   o(h). 

Armed  with  Proposition  (P.l),  we  now  turn  to  a  detailed  examination  of 
the  return  distribution  over  a  single  trading  interval.   For  some  trading 
interval  [k-l,k],  suppose  that  e(k)  can  take  on  any  one  of  m  distinct  values 
denoted  by  e.(k),  j=l,  .  .  .,  m  where  m  is  finite.  Whenever  there  is  no 
ambiguity  about  the  epoch  of  time  k,  we  will  denote  e.(k)  by  simply  e.. 

Suppose  further  that  there  exists  a  number  M  <  «>,  independent  of  n,  such 

2 
that  e  <  M.   While  the  assumption  of  a  discrete  distribution  of  bounded 

range  for  e(k)  clearly  restricts  the  class  of  admissible  distributions, 

this  assumption  enormously  simplifies  the  formal  mathematical  arguments 

9  / 
without  imposing  any  significant  economic  restrictions.-^-   If 

p  (k)  5  prob{e(k)  =  e.(k)|  information  available  as  of  time  zero},  then 

from  Proposition  (P.l),  it  follows  that 
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(3)  ^1  Pj^j  '^     °^^^' 


and  because  m  is  finite,  it  follows  from  (3)  that 


(4)  P.Cj  =  0(h)    ,    j=l m. 


2 
Any  event  j  such  that  P.e.  =  o(h)  will  asymptotically  contribute  a 

negligible  amount  to  the  variance  of  e(k.)  because  V(k.)  ^   o(h).  Moreover, 

because  m  is  finite,  it  follows  that  there  exist  at  least  two  events  such 

2 
that  P.e.  ^   o(h) ,  and  these  will  define  the  asymptotic  characteristics  of 

the  distributions.   Therefore,  without  loss  of  generality,  it  is  assumed 

2 
that  p.e.  ^   o(h),  j=l,  .  .  . ,  m.  Hence,  if  the  lead  order  term  for  p.  is 

h  -^   and  the  lead  order  term  for  e  is  h  ,  then  it  follows  that 


(5)  qj  +  2rj  =  1     ,  j=l,  2,  .  .  .,  m. 

2 
Because  p.  £  1  and  £  is  bounded,  both  q.  and  r  must  be  nonnegative,  and 

therefore,  from  (5),  it  follows  that  0  £  q  <  1  and  9  1  r  <  1/2,  j=l,  .  .  . ,  m. 

To  study  the  asymptotic  distributional  properties  of  e(k),  it  will  be 

useful  to  partition  its  outcomes  into  three  types:   a  "Type  I"  outcome  is 

one  such  that  r,  =  1/2;  a  "Type  II"  outcome  is  one  such  that  0  <  r  <  1/2; 

and  a  "Type  III"  event  is  one  such  that  r.  "0. 

Let  J  denote  the  set  of  events  1  such  that  the  outcomes  e  are  of 

J 

Type  I.   It  follows  from  (5)  that  for  jej,  q  -  0,  and  therefore,  p  -  0(1). 
Moreover,  for  all  events  jej  (i.e.,  ones  with  Types  II  or  III  outcomes). 
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p  =  o(l),  and  because  m  is  finite,  Zp     =  o(l)  ,  jej'^.  Hence,  because 
E^p.  =  1,  the  set  J  cannot  be  empty  and.  Indeed,  virtually  all  the  proba- 
bility mass  for  e(k)  will  be  on  events  contained  in  J.   I.e.,  for  small 
trading  intervals  h,  virtually  all  observations  of  e(k)  will  be  Type  I 
outcomes,  and  therefore  an  apt  name  for  J  might  be  "the  set  of  rare 
events."  This  finding  suggests  a  natural  hierarchy  for  analysis:   first, 
the  asymptotic  properties  for  e(k)  are  derived  for  the  case  where  all 
outcomes  are  of  Type  I.   Second,  the  properties  are  derived  for  the  case 
where  outcomes  can  be  Type  I  and  Type  II.   Finally,  they  are  derived  for 
the  general  case  where  outcomes  can  be  Type  I,  Type  II,  and  Type  III. 


II.   Continuous  Sample  Path  Processes  with  "No  Rare  Events" 

In  this  section,  it  is  assumed  that  all  possible  outcomes  for  e(k) ,  k=l, 
.  .  .,  n  are  of  Type  I,  and  hence,  J  is  empty.   I.e.,  there  are  no  rare 
events,  and  each  possible  outcome  e  ,  j=l,  .  .  . ,  m,  can  occur  with  finite 
probability. 

Define  the  conditional  expected  dollar  return  per  unit  time  on  the 
security,  a.  ,  by 


(6)  Oj^  s  Ej^_j^{X(k)  -  X(k-l)}/h,     k-1,  .  .  . ,  n. 

Assumption  (E.4)  For  every  h,  it  is  assumed  that  a.  exists, 
k-1,  .  .  .,  n  and  that  there  exists  a  number  a  <  <»,  independent 
of  h,  such  that  |ol  |  £  a. 

Assumption  (E.4)  simply  ensures  that  for  all  securities  with  a  finite 
price  the  expected  rate  of  return  per  unit  time  over  the  trading  horizon 


-Il- 


ia finite,  no  matter  how  short  that  horizon  is.   Note:   it  is  not  assumed 
that  ou  is  a  constant  over  time  and,  indeed,  a,  may  itself  be  a  randc 


lorn 


variable  relative  to  information  available  as  of  times  earlier  than  (k-1) . 
From  (2)  and  (6),  we  can  write  the  dollar  return  on  the  security  between 
(k-1)  and  k  as 

(7)  X(k)  -  X(k-l)  =  Oj^h  +  e(k)    ,  k=l,  .  .  .,  n. 

As  discussed  in  the  Introduction,  an  important  assumption  usually  made  in 
continuous-trading  models  is  that  the  sample  paths  for  security  prices  are  con- 
tinuous over  time.   The  discrete-time  analog  to  continuity  of  the  sample  path 
is  that  in  short  intervals  of  time,  prices  cannot  change  by  much.   Because  Type 
I  outcomes  are  0(A\) ,    it  is  intuitive  that  this  continuity  assumption  will  be 
satisfied  when  all  possible  outcomes  are  of  this  type. 

Proposition  (F.2)   If,  for  k-1,  .  .  .,  n,  all  possible  out- 
comes for  e(k)  are  Type  I  outcomes,  then  the  continuous- 
time  sample  path  for  the  price  of  the  security  will  be 
continuous . 

Proof:   Let  Q,  (S)  be  the  probability  that  |x(k)  -  X(l>-1)  |  >^  6  conditional 
on  knowing  all  information  available  as  of  time  (k-1) .   A 
necessary  and  sufficient  condition —  for  continuity  of  the 
sample  path  for  X  is  that  for  every  6  >  0,  QA&)    =  o(h)  .   De- 
fine "u  »  Max|e.|/v^.  By  hypothesis  all  outcomes  for  e(k)  are 
Type  I,  and  therefore  u  =  0(1).   For  each  number  6>0,  define 
the  function  h  (6)  as  the  solution  to  the  equation 
6  =  ah  +  u»^.   Because  a  and  u  are  0(1)  ,  h  >  0  for  every 
6  >  0.   Clearly,  for  all  h  <  h  (6)  and  every  possible  outcome, 
X(k),  |X(k)  -  X(k-l)  I  <  6,   Therefore,  for  every  1:^,0  <  h  <  h  , 
Q  (6)  5  0,  and  hence  limit  [Qj^(6)/hl  -  0  as  h  -+  0. 
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As  illustrated  in  Figure  1,  while  the  sample  path  for  X(t)  is  continuous, 
it  is  almost  nowhere  differentiable.   Consider  the  change  in  X  between  k 
and  (k-1)  when  the  realization  for  e(k)  =  e . .   It  follows  that  [X(k)  -  X(k-l)]/h 
=  OL  +  e,/h.   But  e,  is  asymptotically  proportional  to  ^,    and  hence  [X(k)  - 
X(k-l^/h=0(l/>^)  which  diverges  as  h  -►  0.   Thus,  the  usual  calculus  and 
standard  theory  of  differential  equations  cannot  be  used  to  describe  the 
dynamics  of  stock  price  movements.   However,  there  exists  a  generalized 
calculus  and  corresponding  theory  of  stochastic  differential  equations  which 
can  be  used  instead. 

In  preparation  for  the  derivation  of  this  generalized  calculus,  it 
will  be  useful  to  establish  certain  moment  properties  for  X(k)  -  X(k-l) . 

Define  the  conditional  variance  per  unit  time  of  the  dollar  return  on  the 

2  ^ 
security,  a   by 


(8)  O^     s  Ej^_^[e^(k)]/h       ,  k=l,  .  .  .,  n. 

2  2 

Because  for  every  outcome  e.,  e.  =  0(h) ,  it  follows  that  a  =  0(1).  More- 

over,  from  (E.l)  and  (E.3),  it  follows  that  a,  >  0  for  all  h.   Because  a, 
is  bounded,  it  follows  that 


(9)         Ej^_^{[X(k)  -  X(k-l)]^}  =  a^h  +  o(h)     ,  k=l,  .  .  .,  n. 


Hence,  to  order  h,  the  conditional  second  central  and  non-central  moments 

2 
of  X(k)  -  X(k-l)  are  the  same.   Note:   it  is  not  assumed  that  a,  is  constant 

through  time,  and  indeed  it  can  be  a  random  variable  when  viewed  from 

times  earlier  than  (k-1) . 


X 


j3iiia   Axiross 
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Consider  now  the  Nth  unconditional  absolute  moment  of  e(k),  2  <  N  <  <». 
Using  the  same  definition  for  u  given  in  the  proof  of  Proposition  (P. 2), 
we  have  that  k.=l,  2,  .  .  . ,  n, 

(10)  E^{|e(k)|^}  =  ^Pjle^r 

<  I^Pj(u)V/2 

— N  N/2 

<  u  h  '    =  o(h)    for  N  >  2. 


Thus  all  the  absolute  moments  of  e(k.)  higher  than  the  second  are  asymptoti- 
cally insignificant  by  comparison  with  the  first  two  moments.   Similarly, 
we  have  that 

(11)  E  {|x(k)  -  X(k-l) 1^}  <  (Oh  +  uv^)^ 


-N,  N/2  ^  ,.  N/2, 
=  u  h    +  o(h   ) 


N/2 
Hence,  to  order  h   ,  the  unconditional  Nth  central  and  non-central  absolute 

moments  of  X(k)  -  X(k-l)  are  the  same. 

Since  the  order  relationships  among  the  moments  derived  in  (10)  and  (11) 

depend  only  upon  the  {e.}  =  O(i^)  and  the  bound edness  of  (X  ,  and  not  upon 

the  probabilities  of  specific  outcomes,  p  ,  it  follows  immediately  that  the 

order  relationships  among  the  conditional  moments  will  be  the  same  as  for 

the  unconditional  moments.   I.e., 

(12)  Ej^_j^{|e(k)  1^}  »  o(h)      for  N  >  2 
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and 


(13)       Ej^_^{|x(k)  -  X(k-l)|^}  =  Ej^_^{|e(k)|'^}  +  o(h^^^ 


Define  the  random  variable  u(k) ,  k=l,  2,  .  .  . ,  n,  by 


(14)  u(k)  =     e(k)Mo^   h 


^/Ja^ 


where  by  construction,  u.  =E./"Ja,h  =  0(1),  j=l,  .  .  . ,  m;  E,  ^[u(k)]  =  0; 
Ej^_j^[u^(k)]  =  1;  and  Ej^_^[  |u(k)  |^]  =  0(1),  N  >  2.  We  can  rewrite  (7)  as 


(15)  X(k)  -  X(k-l)  =  aj^h  +a  u(k)v¥  ,  k=l,  .  .  .,  n. 


Hence,  whenever  the  unanticipated  price  changes  of  a  security  have  only 
Type  I  outcomes,  the  dynamics  for  the  price  change  can  be  written  as  a 
stochastic  difference  equation  in  the  form  of  equation  (15)  where  all  the 
explicit  random  variables  on  the  right  hand  side  are  0(1),  and  are,  there- 
fore, neither  degenerate  or  explosive  in  the  limit  as  h  ->  0.   Moreover, 
as  of  time  (k-1) ,  the  only  random  variable  is  u(k) ,  and,  in  this  case, 
(15)  is  called  a  conditional  stochastic  difference  equation. 

The  form  of  (15)  makes  explicit  an  important  property  ftequentiy  observed  in 
security  returns:   namely,  because  a  ,0,  ,  and  u(k)  are  all  0(1),  the  realized  return 
on  a  security  over  a  very  short  trading  interval  will  be  completely  dom- 
inated by  its  unanticipated  component,  O  u(k)/h.   For  example,  it  is 
not  unconnon  to  find  stocks 'with  annual  standard  deviations  of  their  percentage 
returns  of     between  fifteen  and  twenty  percent.   This  would  Imply  that 
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price  changes  of  the  order  of  one  percent  in  a  trading  day  are  not  uncommon. 
However,  as  appears  to  be  the  case  empirically,  if  the  expected  annual  rate 
of  return  on  a  stock  is  of  the  same  order  as  its  annual  standard  devia- 
tion, say  fifteen  percent,  then  the  expected  rate  of  return  per  trading 
day  would  be  of  the  order  of  one-twentieth  of  one  percent  which  is  negli- 
gible by  comparison  with  the  standard  deviation.   Of  course,  this  point 
was  implicitly  made  in  the  earlier  discussion  of  moments  when  it  was  shown 
that  to  order  h,  the  second  central  and  noncentral  moments  of  X(k.)  -  X(k-l) 
were  the  same.  However,  it  does  not  follow  that  in  choosing  an  optimal 
portfolio,  even  with  continuous  trading,  the  Investor  should  neglect  dif- 
ferences in  the  expected  returns  among  stocks.   As  is  well  known,  it  is 
the  moments  of  the  returns  which  matter  and  as  was 

already  shown  the  first  and  second  moments  of  the  returns  are  of  the  same 
order  of  magnitude:  namely  h. 

Having  established  many  of  the  essential  asymptotic  properties  for 
X(k)  -  X(k-l) ,  we  now  derive  the  distributional  characteristics  of  random 
variables  which  are,  themselves,  functions  of  security  prices.   These 
distributional  characteristics  are  especially  important  to  the  theories  of 
portfolio  selection  and  contingent  claims  pricing.  One  example  of  such  a 
contingent  claim  is  a!  common  stoek  call  option  that  gives  its  owner  the 
right  to  purchase  a  specified  number  of  shares  cf  stock  at  a  specified  price 
on  or  before  a  specified  date.   Clearly,  the  price  of  the  option  will  be  a 
function  of  the  underlying  stock's  price. 

Let  F(t)  be  a  random  variable  given  by  the  rule  that  F(t)  =  f [X,t]  if 

2  11/ 

X(t)  =  X,  where  f  is  a  C  function  with  bounded  third  partial  derivatives.'*^ 

Following  the  convention  established  for  X(t),  we  use  the  shorthand  "F(k)" 
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for  "Fdch)"  and  "f[X(k),k]"  for  "f [X(kh) ,kh] ."  Suppose  we  are  at  time 

2 
(k-l),  and  therefore,  know  the  values  of  X(k-l),  CL.a.  ,  and{p'}  where  pj 

k  k       j        «j 

is  defined  to  be  the  conditional  probability  that  u(k)  =  u.,  j=l,  .  .  . ,  m, 
conditional  on  information  available  as  of  time  (k-l) .   Denote  by  X  the 
known  value  of  X(k-l) .   Define  the  numbers  {X.  }  by 


(16) 


X.   =  X  +  a.h  +  a,  u  •?!   ,    j=l,  .  .  .,  m. 


For  each  value  X.,  we  can  use  Taylor's  Theorem  to  write  f[X  ,k]  as 


(17)    f[X  ,k]  =  f[X,k-l]  +  f^[X,k-l](cXj^h  +  O^u V^)  +  f^LX.k-lJh 

+  ^^j^[X,k-l](aj^h  +  o^u^A^)^  +   R^    .   j=l,  .  .  .,  m 


where  subscripts  on  f  denote  partial  derivatives,  and  R  is  defined  by 

(18)    R^  =     |f22[X,k-l]h^  +  f^2[X,k-l](CXj^h  +  a^u^,47)h  +  ffinf^j  .^n^^^j"^^ ' 


■^  1*112  ^^j'S^^^J  -  ^'^^^  +1^122  f^j'^j'f^j  -  X]h^  +  |f222tnj.Cj]h-^ 


where  n.  =  X  +  9,(X  -  X)  and  ;.  E  (k-l)  +  V  for  some  9  ,  v  such  that 
0  £  e  <  1  and  0  £  V  <  1.   Because  all  third  partial  derivatives  of  f  are 
bounded  and  u,  =  0(1),  j=l,  .  .  . ,  m,  we  have  by  substitution  for  X.  from 
(16)  into  (18),  that,  for  each  and  every  j. 


(19)  |Rj|   =  0(h»^)   =  o(h)    ,     j=l,  .  .  .,  m. 
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2   2, 


Noting   that    [Oj^h  +  Oj^u   v^]        =     CTj^u  h  +  o(h),   we  can  rewrite   (17)    as 


(20) 


f[X  ,k]  =  f[X,k-l]  +  f^[X,k-l](aj^h  +  a^u^)  +   f2[X,k-l]h 

1  2  2 

+  yfj^j^IX.k-llOj^u  h  +  o(h)     ,   j=l,  .  .  .,  m. 


Since  (20)  holds  for  each  and  every  j,  we  can  describe  the  dynamics  for 
F(k)  in  the  form  of  a  (approximate)  conditional  stochastic  difference 
equation  by 

(21)  F(k)  -  F(k-l)   =   {fj^[X(k-l),k-l]ot,^  +  f2[X(k-l),k-l] 

+  if^^[X(k-l),k-l]a^u2(k)}h 

+  f^[X(k-l),k-l]aj^u(k)v1i  +  o(h), 

lo=l,  .  .  . ,  n 

where  (21)  is  conditional  on  knowing  X(k-l) ,  OL  ,  and  0  . 

Formally  applying  the  conditional  expectation  operator  E,  ^  to  both 
sides  of  (21)  leads  to  the  same  result  as  the  rigorous  operation  of  multi- 
plying both  sides  of  (20)  by  p'  and  then  summing  from  J=l,  .  .  . ,  m.  Noting 
that  the  derivatives  of  f  on  the  right  hand  side  of  (21)  are  evaluated  at 
X(k-l)  and  are,  therefore,  nonstochastic  relative  to  time  (k-1) ,  we  have 
that,  for  k=l,  .  .  . ,  n, 

(22)  Ej^_^[F(k)  -  F(k-l)]   =   {f^[X(k-l),k-l]aj^  +  f2[X(k-l),k-l] 

+  |f^j^[X(k-l),k-l]a^}h  +  o(h). 
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Define  y  =  E,  ^ [F(k)  -  F(k-l)]Aito  be  the  conditional  expected  change  in 
F  per  unit  time,  and  from  (22),  we  have  that,  k=l,  .  .  . ,  n, 

(23)    u^     =  {f^[X(k-l),k-l]aj^  +  f2[X(k-l),k-l]  +^^^[X(k-l),k-l]a^}  +  o(l) 

Like  OL  ,  y,  =  0(1),  and  to  that  order,  it  is  completely  determined  by 
knowing  X(k-l)  and  only  the  first  two  moments  for  the  change  in  X. 
Substituting  from  (23),  we  can  rewrite  (21)  as 


(24)    F(k)  -  F(k-l)  =  yj^h  +  if^^[X(k-l),k-l]o^(u^(k)-l)h 


+  f  [X(k-l),k-l]a  u(k)v4^  +  o(h) 


Inspection  of  (24)  shows  that  to  order  h,  the  conditional  stochastic  differ- 
ence equation  for  F(k)  -  F(k-l)  is  essentially  of  the  same  form  as  equation 
(15)  for  X(k)  -  X(k-l)  except  for  the  additional  0(h)  stochastic  component. 
In  an  analogous  fashion  to  the  discussion  of  equation  (15),  it  is  clear 
that  the  realized  change  in  F  over  a  very  short  time  interval  is  completely 
dominated  by  the  f .  [X(k-l) ,k-l]a,  u(k)  y^  component  of  the  unanticipated 
change.   Indeed,  from  (24),  we  can  write  the  conditional  moments  for 
F(k)  -  F(k-l)  as 


(25)        Ej^_^{[F(k)  -  F(k-l)]^}  =   [f^[X(k-l),k-l]aj^ph  +  o 


(h) 


and 
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(26)      Ej^_^{[F(k)  -  F(k-l)]^}   =  0(h"^^)   =   o(h),    N  >  2. 


Hence,  the  order  relationship  for  the  conditional  moments  of  F(k)  -  F(k-l) 
is  the  same  as  for  the  conditional  moments  of  X(k)  -  X(k-l) ,  and  the  0(h) 
stochastic  component  makes  a  negligible  contribution  to  the  moments  of 
F(k)  -  F(k-l). 

Indeed,  not  only  is  the  order  relationship  of  the  own  moments  for  the 
changes  in  F  and  X  the  same,  but  the  co-moments  between  them  of  contemporane- 
ous changes  have  the  same  order  relationship.   Namely,  from  (15)  and  (24), 
we  have  that 


(27)    Ej^_^{[F(k)  -  F(k-l)][X(k)  -  X(k-l)]}  =   [f^[X(k-l),k-l]a^]h  +  o(h) 


and 


(28)    Ej^_^{[F(k)  -  F(k-l)]^[X(k)  -  X(k-l)]"~j}   =  0(h^^^)   =  o(h), 

j=l,  .  .  .,  N,   N  >  2. 


Although  (27)  and  (28)  are  the  noncentral  comoments,  the  difference 
between  the  central  and  noncentral  comoments  will  be  o(h) ,  and  so,   the  two 

can  be  used  interchangably.  For  example,  the  covariance  between  the  change 

2 
in  F  and  X  will  differ  from  the  right  hand  side  of  (27)  by  -Pj^CLh  =  o(h)  . 

Finally,  we  have  the  rather  powerful  result  that,  to  order  h,  the 

contemporaneous  changes  in  F  and  X  are  perfectly  correlated.   I.e.,  if  p, 

is  defined  to  be  the  conditional  correlation  coefficient  per  unit  time  between 

contemporaneous  changes  in  F  and  X  then,  from  (25)  and  (27) 
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(29)  p^     =  1  +  o(l)   if  f^[X(k-l),k-l]  >0 


=  -1  +  o(l)   if  f^[X(k-l),k-l]  <  0 


Hence,  even  if  F  is  a  nonlinear  function  of  X,  in  the  limit  of  continuous 
time,  their  instantaneous,  contemporaneous  changes  will  be  perfectly  cor- 
related. 

Having  demonstrated  that  the  0(h)  stochastic  term  contributes  a  neg- 
ligible amount  to  the  variation  in  F  over  a  very  short  time  interval,  we 
now  study  its  contribution  to  the  change  in  F  over  a  finite,  and  not  necessarily 
small,   time  interval.  Define  the  random  variable  G(t)  by 

(30)    G(k)  -  G(k-l)   E  F(k)  -  F(k-l)  -  \i^h   -  f^[X(k-l)  ,k-l]aj^u(k)  •R', 

k=l,  .  .  . ,  n. 


If  we  define  y(k)  E  f   [X(k-l),k-l]a^[u^(k)  -  l]/2,  then  from  (24),  we  can 
rewrite  (30)  as 


(31)  G(k)  -  G(k-l)   =  y(k)h  +o(h),     k=l,  .  .  . ,  n. 


By  construction,  E,  ,[y(k)]  =  0,  and  therefore,  E    [y(k)]  =  0,  j=l,  .  .  . ,  k. 

o      o 
Therefore,  the  partial  sums  E  y(k),  form  a  martingale.   Because  E  (E^  y  (k)/k  ) 

12/ 
<  00  as  n  ->■  ",  it  follows  from  the  Law  of  Large  Numbers  for  martingales — 

that 

(32)       lim[hZ"  y(k)]   =  T  lim[^Z"  y(k)]  -^0  as  n  ->  «>. 
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From  (31),  we  have  that,  for  fixed  T(2nh)  >  0, 


(33)  G(T)  -  G(0)   =  hZ"  y(k)  +  z"  o(h) 


=  hZ"  y(k)  +  0(h) 


Taking  the  limit  of  (33)  as  n  -»■  <»  (h  ->■  0)  ,  we  have  from  (32),  that 
[G(T)  -  G(0)]  ->  0. 

Hence,  for  T  >  0,  we  have  from  (30)  that  in  the  limit  of  continuous 
time  (as  h  ->■  0) 

(34)      F(T)  -  F(0)   =  Z"  F(k)  -  F(k-l)   =  Zj^  y^^h  +  Z^  f  ^[X(k*-1)  ,k-l]aj^u(k)  »^ 

with  probability  one.   Hence,  in  the  limit  of  continuous  time,  the  0(h) 
stochastic  term  in  (24)  will  have  a  negligible  effect  on  the  change  in  F  over 
a  finite  time  interval. 

It  is  natural  to  interpret  the  limiting  sums  in  (34)  as  integrals.   For 
each  k,  k=l,  .  .  . ,  n,  define  t  =  kh.   By  the  usual  limiting  arguments  for 
Riemann  integration,  we  have  that 


;l^i  vl  -  /^ 


(35)  lim  ZV  y,,h|   =   /y(t)dt 

n-H»' 


where  y(t)  is  the  continuous  time  limit  of  \l,    and  is  called  the  instantaneous 
conditional  expected  change  in  F  per  unit  time,  conditional  on  information 
available  at  time  t.   Of  course,  because  of  the  i^  coefficient,  the  second 
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sum  will  not  satisfy  the  usual  Riemann  Integral  conditions.   However,  we  can 
proceed  formally  and  define  the  stochastic  Integral  as  the  limiting  sum  given 
by 

T 

(36)  limfz"  f^[X(k-l),k-l]aj^u(k)v^]   S  f    f  [X(t),t]a(t)u(t)^5t 

o 

where  the  formalizm  "v^"  is  used  to  distinguish  this  integral  from  the  usual 
Riemann  integral  in  (35).  Hence,  we  have  from  (34)  that  change  in  F  between 
0  and  T  can  be  written 

T  T 

(37)  F(T)  -  F(0)   =  f   y(t)dt  +  f    fj^[X(t),t]a(t)u(t)»^ 

o  o 

where  equality  in  (37)  is  understood  to  hold  with  probability  one. 

Given  this  stochastic  integral  representation  for  the  change  in  F  over 
a  finite  time  interval,  we  proceed  formally  to  define  the  stochastic  differ- 
ential for  F  by 

(38)  dF(t)   =  y(t)dt  +  f^[X(t),t]0(t)u(t)*^ 

where  the  differential  form  dF  is  used  rather  than  the  usual  time  derivative 
notation,  dF/dt,  to  underscore  the  previously-discussed  result  that  the  sample 
paths  are  almost  nowhere  dif f erentiable  in  the  usual  sense. 

In  an  analogous  fashion  to  the  difference  equations  (15)  and  (24), 
(38)  can  be  interpreted  as  a  conditional  stochastic  differential  equation, 
conditional  on  information  available  as  of  time  t  which  includes  lJ(t),  X(t), 
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and  a(t),  but  not,  of  course,  u(t)  which  is  the  source  of  the  random  change 
in  F  from  F(t)  to  F(t+dt).   Taking  the  formal  limit  of  (24)  as  h  -»•  dt  and 

neglecting  terms  of  order  o(dt) ,  it  appears  that  (38)  has  left  out  an  0(dt) 

1  2     2 

term:  namely,  jf      [X(t) ,t]a   (t) [u  (t)-l]dt.  However,  as  has  been  shown, 

the  contribution  of  this  0(dt)  stochastic  term  to  the  moments  of  dF  over 
the  infinitesimal  interval  dt  is  o(dt),  and  over  finite  intervals,  it  dis- 
appears by  the  Law  of  Large  Numbers.   Hence,  with  probability  one,  the 
distribution  implied  by  the  process  described  in  (38)  is  indistinguishable 
from  the  one  implied  by  including  the  extra  0(dt)  stochastic  term.  While 
y(t)dt  is  of  the  same  order  as  the  neglected  0(dt)  stochastic  term,  it  can- 
not be  neglected  over  the  infinitesimal  interval  because  it  l£  the  first 
moment  for  the  change  in  F  which  is  of  the  same  order  as  the  second  moment. 
It  cannot  be  neglected  over  the  finite  interval  lO,T]  because,  unlike  the 
0(dt)  stochastic  term,  the  partial  sums  of  U,dt  do  not  form  a  martingale, 
and  the  Law  of  Large  Numbers  does  not  apply. 

The  corresponding  stochastic  integral  and  differential  representation 
for  the  dynamics  of  X(t)  itself  can  be  written  down  immediately  from  (37) 
and  (38)  by  simply  choosing  f[X,t]  =  X.  Namely,  from  (37), 

T  T 

(39)        X(T)  -  X(0)   =   f  a(t)dt  +  X  a(t)u(t)v^ 

0  o 


and 


(40)  dX(t)  =  a(t)dt  +  a(t)u(t)^t' 
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where  in  this  case  the  neglected  0(dt)  stochastic  term  is  identically  zero 
because  f   =0. 

Throughout  this  analysis,  the  only  restrictions  on  the  distribution  for 
u(t)  were:  (i)  E{u(t)}  =  0;  (ii)   E{u^(t)}  =  1;  (ill)   u(t)  =  0(1);  and  (iv) 
the  distribution  for  u(t)  is  discrete.   Restrictions  (i)  and  (ii)  are  purely 
by  construction,  and  (iii)  and  (iv)  can  be  weakened  to  allow  most  well-behaved 
continuous  distributions  including  ones  with  unbounded  domain.   In  particular, 
it  was  not  assumed  that  the  {u(t)}  were  either  identically  distributed  or 
serially  independent.   However,  to  develop  the  analysis  further  requires 
an  additional  economic  assumption: 

Assumption  (E.5)  The  stochastic  process  for  X(t)  is  a 

r^  / 

Markov  process.^*^   I.e.,  the  conditional  probability  distri- 
bution for  future  values  of  X,  conditional  on  being  at  time 
t,  depends  only  on  the  current  value  of  X  and  the  inclusion 
of  further  information  available  as  of  that  date  will  not  alter 
this  conditional  probability. 

While  this  assumption  may  appear  to  be  quite  restrictive,  many  processes 
that  are  formally  not  Markov  can  be  transformed  into  the  Markov  format  by 
the  method  of  "expansion  of  the  states"-^  ,  and  therefore  Assumption  (E.5) 
could  be  weakened  to  say  that  the  conditional  probabilities  for  X  depend 
upon  only  a  finite  amount  of  past  information.   From  (E.5),  we  can  write 
the  conditional  probability  density  for  X(T)  =  X  at  time  T,  conditional  on 
X(t)  =  X  as 

(41)  p[x,t]   =  p[x,t;X.T]   -  prob{X(T)   =  x|x(t)   =  x},   t  <  T, 
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where  suppression  of  the  explicit  arguments  "X"  and  "T"  will  be  understood 
to  mean  holding  these  two  values  fixed.   Hence,  for  fixed  X  and  T, 
p[X(t),t]  (viewed  from  dates  earlier  than  t)  is  a  random  variable  which  is 
itself  a  function  of  the  security  price  at  time  t.   Therefore,  provided  that 
p  is  a  well-behaved  function  of  x  and  t,  it  will  satisfy  all  the  properties 
previously  derived  for  F(t) .   In  particular,  in  the  limit  of  continuous 
trading,  dp  will  satisfy  (38)  where  y(t)  is  the  conditional  expected  change 
per  unit  time  in  p.   However,  p  is  a  probability  density,  and  therefore, 
its  expected  change  is  zero.   Taking  the  limit  of  (23)  as  h  -»■  0  and  applying 
the  condition  that  y(t)  =  0,  we  have  that 


(42)       0  =  ^^(x,t)p^^[x,t]  +  a(x,t)pj^[x,t]  +  P2[x,t] 


where  the  subscripts  on  p  denote  partial  derivatives.  Moreover,  by  the 

2 
Markov  assumption  (E.5),  a(t)  and  a   (t)  are,  at  most,  functions  of  x(t) 

and  t.   Hence,  we  make  this  dependence  explicit  by  rewriting  these  functions 

2 
as  a(x,t)  and  a   (x,t)  respectively.   Inspection  of  (42)  shows  that  it  is  a 

linear  partial  differential  equation  of  the  parabolic  type,  and  is  sometimes 

called  the  "Kolmogorov  backward  equation."-^    Therefore,  subject  to  boundary 

conditions,  (42)  completely  specifies  the  transition  probability  densities 

for  the  security  price.   Hence,  in  the  limit  of  continuous  trading,  knowledge 

2 
of  the  two  functions,  o  (x,t)  and  a(x,t),  is  sufficient  to  determine  the  proba- 
bility distribution  for  the  change  in  a  security's  price  between  any  two 

It  follows,  therefore,  that  the  only  characteristics  of  the  distributions 
for  the  {u(t)}  that  affect  the  asymptotic  distribution  for  the  security  price 
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are  the  first  and  second  moments,  and,  by  construction,  they  are  constant 
through  time.   I.e.,  except  for  the  scaling  requirement  on  the  first  two 
moments,  the  distributional  characteristics  of  the  {u(t) }  can  be  chosen 
almost  arbitrarily  without  having  any  effect  upon  the  asymptotic  distribu- 
tion for  the  price  of  the  security.   Hence,  in  the  limit  of  continuous 
trading,  nothing  of  economic  content  is  lost  by  assuming  that  the  {u(t)}  are 
independent  and  identically  distributed,  and  therefore  for  the  rest  of  this 
section  we  make  this  assumption.  Warning:   this  assumption  does  not 

imply  that  changes  in  X(t)  or  F(t)  have  these  properties.   Indeed,  if  either 

2 
a(t)  or  a  (t)  is  a  function  of  X(t) ,  then  changes  in  X(t)  will  be  neither 

independent  nor  identically  distributed. 

Define  Z(t)  to  be  a  random  variable  whose  change  in  value  over  time 

is  described  by  a  stochastic  difference  equation  like  (15)  but  with  ol  =  0 

and  a  =  1,  k  =  1,  .  .  .,  n.   I.e.,  the  conditional  expected  change  in  Z(t) 

per  unit  time  is  zero  and  the  conditional  variance  of  that  change  per  unit 

time  is  one.   Therefore, 


(43)  Z(T)  -  Z(0)   =  Y.^   Z(k)  -  Z(k-l) 


n 

v^  I     u(k) 

1 


=   ^{z  u(k)/^| 


<i 


The  {u(k)}  are  independent  and  identically  distributed  with  a  zero  mean  and 

16/ 
unit  variance.   Therefore,  by  the  Central  Limit  theorem, —  th  the  limit  of 


continuous 


trading,  ll     u(k)/»^/  will  have  a  standard  normal  distribution. 
'  1 


-li- 


lt  follows  from  (43)  that  asymptotically,  Z(T)  -  Z(0)  will  be  normally 

distributed  with  a  zero  mean  and  a  variance  equal  to  T  for  all  T  >  0. 

2 
Indeed,  the  solution  to  (42)  with  0=1   and  a  =  0  is 


(44)  p[x,t;X,T]  =  exp [-(X-x) ^/2(T-t) ] //2n(T-t) 


which  is  a  normal  density  function. 

Since  the  distributional  choice  for  {u(t)}  can  be  made  almost  arbitrarily 
and  the  limiting  distribution  for  Z(T)  -  Z<0)  is  gaussian  for  all  finite  T,  it 
is  natural  and  convenient  to  assume  that  the  {u(t)}  are  standard  normally 
distributed.   In  an  analogous  fashion  to  (40),  we  can  write  the  stochastic 
differential  equation  representation  for  Z(t)  as 

(45)  dZ(t)   =  u(t)v^  . 

In  the  case  where  the  u(t)  are  independent  and  distributed  standard  normal, 

the  dZ  process  described  in  (45)  is  called  a  Weiner  or  Brownian  motion  process, — 

and  we  shall  reserve  the  notation  "dZ"  to  denote  such  a  process  throughout 

the  paper . 

Since  this  distributional  choice  for  u(t)  does  not  affect  the  limiting 
distribution  for  X,  without  loss  of  generality,  we  can  rewrite  the  stochastic 
Integral  and  differential  representation  for  the  dynamics  of  X(t),  equations 
(39)  and  (40),  as 

T  T 

(46)  X(T)  -  X(o)   =   j"  a[X(t),t]dt  +  /  a(X(t) ,  t]dZ(t) 

o  o 
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and 


(47)  dX(t)   =  a[X(t),t]dt  +  a[X(t),t]dZ(t). 

The  class  of  continuous-time  Markov  processes  whose  dynamics  can  be  written 
in  the  form  of  (46)  and  (47)  are  called  Ito  Processes,  and  are  a  special 
case  of  a  more  general  class  of  stochastic  processes  called  Strong  diffusion 
processes. 

It  follows  immediately  from  (37)  and  (38)  that  if  the  dynamics  of  X(t) 
can  be  described  by  an  Itu  process,  then  the  dynamics  of  well-behaved  func- 
tions of  X(t)  will  also  be  described  by  an  Ito  process.   This  relationship 
between  the  dynamics  of  X(t)  and  F(t)  is  formalized  in  the  following  lemma: 

18/  2 

Ito's  Lemma. —   Let  f(X,t)  be  a  C  function  defined  on  RX[0,«>]  and 

take  the  stochastic  integral  defined  by  (46) ,  then  the  time- 
dependent  random  variable  F  5  f  is  a  stochastic  integral  and 
its  stochastic  differential  is 

dF     =     fj^[X,t]dX  +  f2[X,t]dt  +  ifj^^[X,t](dX)^ 

where  the  product  of  the  differentials  is  defined  by  the  multi 

2  2 

plication  rules:   (dZ)   =  dt;  dZdt  =  0;  and  (dt)   =  0. 

The  proof  of  Ito's  Lemma  follows  from  (23),  (35),  (37),  and  (38).   Ito's 
Lemma  provides  the  differentiation  rule  for  the  generalized  stochastic  cal- 
culus, and  as  such  is  analogous  to  the  Fundamental  Theorem  of  the  Calculus 
for  standard  time  derivatives. 

With  the  derivation  of  Ito's  Lemma,  the  formal  mathematical  analysis  of 
this  section  is  complete  and  a  summary  is  in  order. 


-  29  - 


Suppose  that  the  economic  structure  to  be  analyzed  is  such  that 
assiunptions  (E.l)  -  (E.5)  obtain  and  unanticipated  security  price  changes 
can  have  only  "Type  I"  outcomes  (i.e.,  there  are  no  "rare  events").   Then, 
in  continuous-trading  models  of  that  structure,  security  price  dynamics 
can  always  be  described  by  Ito  processes  with  no  loss  of  generality. 
Indeed,  possibly  because  the  integral  of  a  Weiner  process  is  normally  dis- 
tributed, it  is  not  uncommon  in  the  financial  economics  literature  to  find 
the  price  dynamics  assumption  stated  as  "the  change  in  the  security  price 
over  short  intervals  of  time,  X(t  +  h)  -  X(t) ,  is  approximately  normally  distributed" 
instead  of  stating   the  forma]   equation  (47).     If  it  is  appropriately 
interpreted,  there  is  no  harm  in  stating  the  price  dynamics  assumption  in 
this  fashion.   However,  it  can  be  misleading  in  at  least  two  ways. 

First,  stating  the  assumption  in  this  fashion  carries  with  it  the  im- 
plication that  the  {u(t)}  are  independent  and  identically  distributed 
standard  normal.   Hence,  one  might  be  led  to  the  belief  that  the  normality 
assumption  is  essential  to  the  analysis  rather  than  merely  a  convenience. 
For  example,  the  derived  continuous-trading  dynamics  are  equally  valid  if 

u(t)  had  a  binomial  distribution  provided  that  the  parameters  of  that  dis- 

2        19/ 
tribution  are  chosen  so  as  to  satisfy  E{u(t)}  =  0  and  E{u  (t)}  =  1. —   While 

in  the  sequence-of -market-structure  analysis,  the  corresponding  sequence 
of  distribution  functions  for  X(t  +  h)  -  X(t)  will  depend  upon  the  distribu- 
tion of  the  {u(t)},  the  limit  distribution  of  that  sequence  does  not.  More- 
over, independent  of  the  distribution  of  u(t) ,  the  continuous-trading  solu- 
tions will  provide  a  uniformly  valid  approximation  [of  o(h)]  to  the  discrete- 
trading  solutions.   Therefore,  the  normality  assumption  for  the  {u(t)} 
imposes  no  further  restrictions  on  the  process  beyond  those  of  (E.l)  -  (E.5). 
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Second,  because  X(T)  -  X(0)  =  L^   X(k)  -  X(k  -  1),  stating  the  assumption 
in  this  fashion  might  lead  one  to  believe  that  the  distribution  for  the 
security  price  change  over  a  finite  interval,  [0,T]  will  be  (approximately) 
normally  distributed,  and  this  is  clearly  not  implied  by  equation  (47). 
For  example,  if  a(X,t)  =  aX  and  a(X,t)  =  bX,  a  and  b  constant,  then  by  solv- 
ing equation  (42),  X(T)  can  be  shown  to  have  a  log-normal  distribution  with 

2 
E  {X(T)}  =  X(0)exp[aT]  and  Var{log[X(T) ] }  =  b  T  for  all  T  >  0,  and  the 
o 

normal  and  lognormal  distributions  are  not  the  same.   Indeed,  a  normal  dis- 
tribution for  X(T)  —  X(0)  implies  a  positive  probability  that  X(T)  can  be 
negative  while  a  lognormal  distribution  implies  that  X(T)  can  never  be 
negative. 

Along  these  lines,  a  less  misleading  way  to  state  the  assumed  price 
dynamics  would  be:  "For  a  very  short  trading  Intervals,  one  may  treat  the 
change  in  the  security  price  over  a  trading  interval  'as  if  it  were  normally 
distributed."  However,  this  simply  restates  the  conditions  summarized  by 
(13)  and  (26):  Namely,  for  short  trading  intervals,  only  the  first  two 
moments  "matter."  ^ — ^ 

The  substantive  benefits  from  using  continuous-time  models  with  Ito 
process  price  dynamics  have  been  amply  demonstrated  in  the  financial 
economics  literature,  and  therefore,  only  a  few  brief  remarks  will  be 
made  here.   For  example,  in  solving  the  intertemporal  portfolio  selection 
problem,  the  optimal  portfolio  demand  functions  will  depend  only  upon 
the  first  two  moments  of  the  security  return  distributions.   Not  only  does 
this  vastly  reduce  the  amount  of  information  about  the  returns  distributions 
required  to  choose  an  optimal  portfolio,  but  it  also  guarantees  that  the 
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first-order  conditions  are  linear  in  the  demand  functions,  and,  therefore, 
explicit  solutions  for  these  functions  can  be  obtained  by  simple  matrix 
inversion. 

The  analysis  of  corporate  liability  and  option  pricing  is  also  simplified 
by  using    Ito's  Lemma  which  provides  a  direct  method  for  deriving  the 
dynamics  and  transition  probabilities  for  functions  of  security  prices. 
Moreover,  while  the  analysis  presented  here  is  for  scalar  processes, 
it  can  easily  be  generalized  to  vector  processes.-^ 

Of  course,  all  the  results  derived  in  this  section  were  based  upon 
the  assumption  that  changes  in  the  security  price  are  all  "Type  I"  outcomes. 
As  discussed  in  the  introductory  section,  this  class  of  processes  is  only 
a  subset  of  the  set  of  processes  which  satisfy  economic  assumptions  (E.l)  - 
(E.5).   Hence,  to  complete  the  study  of  the  mathematics  of  continuous-trading 
models,  we  now  provide  a  companion  analysis  of  those  processes  which  allow 
for  the  possibility  of  "rare  events." 

III.   Continuous  Sample  Path  Processes  with  "Rare  Events" 
In  this  section,  it  is  assumed  that  the  outcomes  for  e(k),  k=l,  .  .  .,  n 
can  be  either  of  Type  I  or  Type  II,  but  not  Type  III.   Thus,  we  allow  for 
the  possibility  of  rare  events  with  Type  II  outcomes  although,  as  was  shown 
in  section  I,  virtually  all  observations  of  e(k.)  will  be  Type  I  outcomes. 
The  format  of  the  analysis  presented  here  is  essentially  the  same  as 
in  the  previous  section.   Indeed,  the  principal  conclusion  of  this  analysis 
will  be  that  in  the  limit  of  continuous  trading,  the  distributional  prop- 
erties of  security  returns  are  indistinguishable  from  those  of  section  II. 
I.e.,  rare  events  with  Type  II  outcomes  "do  not  matter." 
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To  show  this,  we  begin  by  proving  that,  in  the  limit  of  continuous 
trading,  the  sample  paths  for  security  prices  are  continuous  over  time.   For 
each  time  period  k,  define  r  S  min{r.}  where  the  lead  order  term  for  e 
is  h^J,  j=l,  .  .  . ,  m.   Because  all  outcomes  are  either  Type  I  or  Type  II, 
r  >  0,  and  |e.|  =  0(h  ),  j=l,  .  .  .,  m. 

Proposition  (P. 3)   If,  for  k=l,  .  .  .,  n,  all  possible  outcomes 
for  e(k)  are  either  Type  I  or  Type  II  outcomes,  then  the  con- 
tinuous-time sample  path  for  the  price  of  the  security  will  be 
continuous. 

Proof:  Let  \i^   be  the  probability  that  |x(k)  -  X(k-l)  I  1  ^   conditional 

on  knowing  all  information  available  as  of  time  (k-1) .   As 

in  the  proof  of  (P. 2),  a  necessary  and  sufficient  condition  for 

continuity  of  the  sample  path  for  X  is  that  for  every  "5  >  o, 

Q],(6)  =  o(h).   Define  u  E  Maxle.  Ih"'^.   By  the  definition  of  r, 

J"  •  "I  J 
u  =  0(1).   For  each  number  -*     6  >  0,  define  the  function 

hT(5)  as  the  solution  to  the  equation  6  =  ah  +  u(h  )^   where 

by  Assumption  (E.4),  a   is  0(1).   Because  r  >  0  and  a  and  u  are 

both  0(1),  there  exists  a  solution  h^  >  0  for  every  6  >  0. 

Therefore,  for  all  h  <  h  (6)  and  every  possible  outcome  X(k) , 

|X(k)  -  X(k-l)  I  <  (5.   Hence,  for  every  h,  0  £  h  <  h  , 

\(5)    E  0,  and  limit  [Qj^(6)/h]  =  0  as  h  ^  0. 

Having  established  the  continuity  of  the  sample  path,  we  now  show  that 
the  moment  properties  for  X(k)  -  X(k-l)  are  the  same  as  in  section  II.   From 
Assumption  (E.4),  E    [X(k)  -  X(k-l) ]  is  asymptotically  proportional  to  h, 
and  therefore  so  is  E  [X(k)  -  X(k-l) ] .   Therefore,  from  Proposition  (P.l) 
and  equation  (5),  the  unconditional  variance  of  [X(k)  -  X(k-l) ]  is 
asymptotically  proportional  to  h.   The  Nth  unconditional  absolute  moment  of 
e(k),  2  <  N  <  «>  can  be  written  as 
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(48)  EjleCk)!^}  =  ^iPJ^l'' 

-,/„m  ,  (N-2)r.+l\   .        .^    /ex 
=  OfE^  h      J  j,    from  equation  (5) 

=  o(h)  for  N  >  2, 

because  r  >  0.   Thus  all  the  absolute  moments  of  e(k)  higher  than  the 
second  are  asymptotically  insignificant  by  comparison  with  the  first  two 
moments.   Moreover,  by  Assumption  (E.4),  these  same  order  relationships 
will  obtain  for  both  the  central  and  noncentral  moments  of  X(k.)  -  X(k-l)  . 
Provided  that  the  order  relationships  between  the  unconditional  and 
conditional  probabilities  remain  the  same,  the  conditional  moments  of 
X(k)  -  X(k-l)  have  the  same  order  properties  as  the  unconditional  moments: 
Namely , 

(49)  Ej^_^{[X(k)  -  X(k-l)]^}  =  a^  +  o(h),  k=l,  .  .  .,  n 


2 
where  a,  is  the  conditional  variance  per  unit  time  defined  in  (8)  and 

2 
a,  >  0  and  0(1),  and 


(50)  Ej^_j^{|X(k)  -  X(k-l)|*'}   =  o(h)    for  N  >  2. 
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Hence,  the  moment  relationships  for  X(k)  -  X(k-l)  are  identical  to  those 
derived  in  section  II  where  only  Type  I  outcomes  were  allowed. 

To  complete  the  analysis,  we  examine  the  distributional  characteristics 
of  random  variables  which  are  functions  of  security  prices.   Let  F(t)  be  a 
random  variable  given  by  the  rule  that  F(t)  =  f (X)  if  X(t)  =  X.   The  reader 
will  note  that  unlike  the  parallel  analysis  in  section  II,  the  explicit 
dependence  of  f  on  t  has  been  eliminated.   This  is  done  solely  to  keep  both 
the  notation  and  analysis  relatively  simple.   However,  including  the  explicit 
time  dependence  would  not  have  changed  either  the  method  of  derivation  or 
the  conclusions. 

Define  K  to  be  the  smallest  integer  such  that  Kr  >^  1.   Because  r  >  0, 
K  is  finite.   If  f  is  a  C  function  with  a  bounded  (K+l)st  order  derivative, 
then  from  Taylor's  Theorem  and  (49)  and  (50),  we  have  that 

(51)   Ej^_j^{F(k)  -  F(k-l)}  =   {f^^^[X(k-l)]aj^  +  |f^^^[X(k-l)]0^}h  +  o(h), 

where  f    [  ]  denotes  the  ith  derivative  of  f.   Note  that  (51)  is  identical 
to  the  corresponding  equation  (22)  in  section  II  when  f  is  not  an  explicit 
function  of  time.   Moreover,  it  is  straightforward  to  show  that  the  condi- 
tional moments  for  F(k)  -  F(k-l)  here  are  the  same  as  derived  in  equations 
(25)  and  (26)  of  section  II:   Namely, 


(52)  Ej^_j^{[F(k)  -  F(k-l)]^}   =   [f^^^[X(k-l)]aj^]^h  +  o(h) 


and 
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(53)         Ej^_^{[F(k)  -  F(k-l)]^}  =  o(h)         for  N  >  2. 


Hence,  the  order  relationship  for  the  conditional  moments  of  F(k)  -  F(k-l) 
Is  the  same  as  for  the  conditional  moments  of  X(k)  -  X(k-l) .   Therefore, 
over  short  Intervals  of  time,  the  unanticipated  part  of  the  change  in  F 
here  will  be  dominated  by  the  f   [X(k-l)]e(k)  term  in  the  same  fashion  that 
it  dominated  the  change  in  F  in  section  II. 

Having  studied  the  change  in  F  over  a  very  short  time  interval,  we  now 
examine  the  stochastic  properties  for  the  change  in  F  over  a  finite,  and 
not  necessarily  small,  time  interval.   For  each  k,  k=l,  .  .  .,  n,  define 
the  random  variables  {y.(k)}  by 

(54)    y^(k)  E  f^J^[X(k-l)]{[X(k)  -  X(k^l)]^  -  Ej^_^[X(k)  -  X(k-l)^}/j!, 

j=2,  .  .  . ,  K, 

Further  define  the  random  variable  G(t)  by 


(55)    G(k)  -  G(k-l)   =   F(k)  -  F(k-l)  -  Ej^_^{F(k)  -  F(k-l)  } 

-  f^-'-^[X(k-l)]e(k),  k=l,  .  .  .,  n 


which  by  Taylor's  Theorem  can  be  rewritten  as 


(56)  G(k)  -  G(k-l)   =  E^^2  yj(*^>  +  \+i 


where  IL,,  is  defined  by 


-se- 


es?)  Rj^^^  =    f  ^^"*"^^  [ex(k-i)  +  (i-0)x(k)]{[x(k)  -  x(k-i)] 


K+l 


-  Ej^_j^[X(k)  -  X(k-1)]^'^^}/(K+1)! 


for  some  e,  0  <  6  £  1.   But  f^'^''"^^  is  bounded  and  [OLh  +  e(k)  1^"''"'^  =  ofh'^^'^''"^^) 
for  every  possible  outcome  for  e(k) .  Hence,  because  rK  >^  1,  R^,,  =  o(h) . 
Therefore  we  can  rewrite  (56)  as 


(58)        G(k)  -  G(k-l)   =  Z^^2  yj(k)  +  o(h),   k=l,  .  .  .,  n 


From  (58),  we  can  write  the  unconditional  variance  of  G(k)  -  G(k-l)  as 


(59)  Var[G(k)  -  G(k-l)  ]  =  eJI^   E^  yj(k)y^(k)}  +  o(h) 


^2^2  M^M .  E^  1 1  [X(k)  -X(k-l)  ]  ^-Ej^_^  [X(k) -X(k-l)  ]  ^)  . 

{[X(k)-X(k-1) ]J-E^_^[X(k)-X(k-l) ] J| I /k! j !+o(h) 


where  M  is  the  least  upper  bound  on  |f    |,  i=2,  .  .  . ,  K.   From  (48)  and  (59), 
we  have,  therefore,  that 


2r+l 
(60)  Var[G(k)  -  G(k-l)  ]   =  0(h^'^'-)  +  o(h) 

=  o(h) 

because  r  >  0.   For  the  finite  time  interval  [0,T],  we  have  that 
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(61)  G(T)  -  G(0)   =   EJJ^^  G(k)  -  G(k-l) 


=  E^E^  yj(k)  +  o(l). 


Z  E„  y.(k)  form  a  martingale,  and  therefore  the  unconditional  variance  of 


G(T)  -  G(0)  can  be  written  as 


(62)         Var[G(T)  -  G(0) ]   =  e"  Var[G(k)  -  G(k-l) ]  +  o(l) 


But,  from  (60)  and  (62),  it  follows  that 


(63)         Var[G(T)  -  G(0)  ]   =  0(h^'^)  +  o(h)  +  o(l) 

=  o(l). 


and,  therefore,  in  the  limit  of  continuous-trading  as  h  -»■  0,  the  variance  of 
G(T)  -  G(0)  goes  to  zero  for  every  finite  time  interval  [0,T]. 

Hence,  for  T  >  0,  we  have  from  (51),  (52),  (53),  and  (63),  that  in 

the  limit  as  h  ->■  0 


(64)      F(T)  -  F(0)   =  e"  F(k)  -  F(k-l)   =  E^  Vi,^h  +  e"  f  ^^^  [X(k-l)  ]e(k) 


with  probability  one  where  y,  is  the  conditional  expected  change  in  F  per 
unit  time  defined  in  (23).   In  a  similar  fashion  to  the  analysis  in  section 
II,  we  can  formally  express  the  limiting  sum  in  (64)  as  the  sum  of  two 
integrals:   namely. 
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(65) 


F(T)  -  F(0)  =  f\iit)dt   +y*f^^^[X(t)]e(t) 


where  (65)  is  understood  to  hold  with  probability  one.   As  in  (38)  of 
section  II,  we  can  formally  define  the  stochastic  differential  for  F  by 


(66)  dF(t)  =  y(t)dt  +  f^^^[X(t)]e(t). 


Moreover,  if  the  Markov  assumption  (E.5)  obtains,  then  the  limiting 

transition  probabilities  for  X  will  satisfy  equation  (42).   Finally,  although 

2 
it  is  not  the  case  that  [c(t)]   =  0(h),  with  probability  one,  the  formal 

differentiation  rules  provided  by  Ito's  Lemma  still  apply.  Hence,  in  the 

limit  of  continuous  trading,  processes  with  Type  I  and  Type  II  outcomes  are 

Indistinguishable  from  processes  with  Type  I  outcomes  only. 
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IV.   Discontinuous  Sample  Path  Processes  with  "Rare  Events" 
In  this  concluding  section,  the  general  case  is  analyzed  where  the  out- 
comes for  e(k),  k=l,  .  .  .,  n  can  be  Type  I,  Type  II,  or  Type  III.   As  was 
true  for  the  processes  in  section  III,  virtually  all  observations  of  e(k)  will 
be  Type  I  outcomes.   However,  unlike  the  findings  in  section  III,  the  possi- 
bility of  rare  events  with  Type  III  outcomes  "does  matter."  While  the 
Type  III  outcomes  with  their  probabilities  proportional  to  h  are  the  "rarest" 
of  the  admissible  outcomes,  the  magnitudes  of  these  outcomes  are  also  the 
largest.   Indeed,  because  these  outcomes  are  0(1),  it  follows  that  X  can 
have  non-local  changes  in  value,  even  over  an  infinitesimal  time  interval, 
and  therefore  the  resulting  sample  path  for  X  will  be  discontinuous.   The 
analysis  demonstrating  this  and  other  important  properties  can  be  simplified 
by  neglecting  the  Type  II  outcomes,  and  in  the  light  of  the  conclusions 
reached  in  section  III,  this  simplification  can  be  made  with  no  loss  in 
generality. 

Proposition  (P. 4)   If,  for  k=l,  .  .  .,  n,  at  least  one 
possible  outcome  for  e(k)  is  a  Type  III  outcome,  then 
the  continuous- time  sample  path  for  the  price  of  the 
security  will  not  be  continuous. 

Proof:   Let  Q  (6)  be  the  probability  that  |x(k)  -  X(k-l) |  >  6 
conditional  on  knowing  all  information  available  as  of 
time  (k-1) .   As  in  the  proofs  of  (P. 2)  and  (P. 3),  a  neces- 
sary and  sufficient  condition  for  continuity  of  the  sample 
path  for  X  is  that  for  every  6  >  0,  Q.i^)    =  o(h) . 
By  renumbering,  if  necessary,  for  each  k,  suppose  event 
j  denotes  a  Type  III  outcome  for  e(k)  where  e(k)  =  e. 
and  e.  is  0(1).   If  p.  is  the  conditional  probability  as 
of  time  (k-1)  that  event  j  occurs,  then  from  (5),  p.  can 
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be  written  as  X.h   where  X     =   0(1)  .   Pick,  a  number  9 

J         J    +     + 
such  that  0  <  e  <  1.   Define  h~  by  h  =  <»  if  cl  e.  >  0 

t  t    -•  "" 

and  h  =  (e-l)e  /a  if  a  e     >   0.  Note:  h  >  0,  in- 

^  +  i   I   I  t 

dependent  of  h.   Define  6'  =  e|e.|.   Note:   6   >  0, 

J  t 

independent  of  h.   For  all  h  such  that  0  <  h  <^  h  ,  it 

follows  that  if  e(k)  =  £.,  then  |x(k)  -  X(k-l) |  >  6+. 

Hence,  for  0  <  h  _f^  h  and  any  6  such  that  0  <  6  _<  6  , 

|x(k)-X(k-l) I  >  6  if  e(k)  =  £.,  and  therefore  Q  (6) 

J  k 

>^  X  h  ^  o(h)  because  X.  =  0(1).  Hence,  the  sample 

path  is  not  continuous . 

As  illustrated  in  Figure  2,  a  typical  sample  path  will  contain  mostly 
local  or  continuous  changes  with  infrequent,  non-local  changes  or  "jumps" 
corresponding  to  the  relatively  rare  Type  III  outcomes. 

These  fundamental  discontinuities  in  the  sample  path  manifest  themselves 
in  the  moment  properties  of  X(k)  -  X(k-l) .   Like  the  processes  in  sections 
II  and  III,  the  first  and  second  unconditional  moments  of  X(k)  -  X(k-l)  are 
asymptotically  proportional  to  h.   However,  unlike  the  processes  in  those 
sections,  the  Nth  unconditional  absolute  moments,  2  <  N  <  «> ,  are  asymp- 
totically proportional  to  h  as  well.   That  is, 


(67)  E^{k(k)|^}   =  ^"pjk/ 


^/^m   ,  (N-2)ri+l.  ^        ^.    ,^. 
=  0(1   h^     J   )  from  equation  (5) 


=  0(h)      ,  N  >  2 


because  r.  =  0  for  all  Type  III  outcomes.   Hence,  all  the  absolute  moments 
of  X(k)  -  X(k-l)  are  of  the  same  order  of  magnitude,  and  therefore  none  of 
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the  moments  can  be  neglected  even  in  the  limit  of  continuous  trading. 
However,  the  contributions  of  the  Type  I  outcomes  for  e(k.)  to  the  moments 
higher  than  the  second  will  be  shown  to  be  asymptotically  insignificant. 
To  show  this  along  with  the  other  results,  it  is  useful  to  formally  par- 
tition the  outcomes  for  e(k)  into  its  Type  I  and  Type  III  components. 

Define  the  conditional  random  variable  u(k)  by  u(k.)  =  e(k)/»/{i  con- 
ditional on  e(k)  having  a  Type  I  outcome.   Similarly,  define  the  conditional 
random  variable  y(k)  by  y(k)  =  e(k)  conditional  on  e(k)  having  a  Type  III 
outcome.   If  X(k)h  denotes  the  conditional  probability  as  of  time  (k-1) 
that  e(k)  has  a  Type  III  outcome,  then,  as  of  time  (k-1),  we  can  rewrite 
e:(k)  as 

(68)  e(k)   =  u(k)v^      with  probability  1  -  X(k)h 

=  y(k)         with  probability  X(k)h, 

and,  by  construction,  u(k),  y(k),  and  X(k)  are  all  0(1). 

y 

If  E,    denotes  the  conditional  expectation  as  of  time  (k-1)  over  the 
distribution  function  for  y(k)  and  E    denotes  the  corresponding  condi- 
tional expectation  over  the  distribution  for  u(k)  ,  then  y(k)  =  E?'_^  [y(k)  ]  = 
E,_,{e(k)  |Type  III  outcome)  and  u(k)v4i  =  v^  e"   [u(k)]  = 

E,  , {e(k) JType  I  outcome).   Because  E._^[e(k)]  =  0,  it  follows  immediately 
from  the  properties  of  conditional  expectation  that 

(69)  u(k)   =  -X(k)7(k)*^/(1  -  X(k)h) 

=  -Xyv'h  +  o(h) 
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where  we  surpress  the  explicit  dependence  of  u,  y,  and  X  on  k  whenever 

there  is  no  ambiguity  about  the  time. 

2 
If  a.  is  the  conditional  variance  per  unit  time  for  e(k) ,  then 

2        2 
E,_,[e  (k)]  =  a     h,  and  it  follows  that 


(70)  a^    =  [al  -   XOyl/d  -  Xh) 


=  af  -  Xa^  +  0(h) 
k     y 


2  2 

where  a  is  the  conditional  variance  of  u(k)  and  a  is  the  conditional 
u  y 

2   2       2 
variance  of  y(k).   Note:  a,  ,0   ,    and  O     are  all  0(1).   Further,  for  N  >  2, 

k  u       y 

it  follows  that 


(71)         E^,_^[e^(k)]  =  X(k)  Ej^_j^[y^(k)]h  +  o(h). 

Thus,  while  both  the  Type  I  and  Type  III  contribute  significantly  to  the 
mean  and  variance  of  e(k),  the  contributions  of  the  Type  I  outcomes  to  the 
higher  moments  of  e(k)  are  asymptotically  insignificant. 

As  was  done  in  the  earlier  sections,  we  complete  the  analysis  by  ex- 
amining the  distributional  characteristics  of  random  variables  which  are 

functions  of  security  prices.   As  in  section  II,  let  F(t)  be  a  random 

2 
variable  given  by  the  rule  that  F(t)  =  f[X,t]  if  X(t)  =  X,  where  f  is  a  C 

function  with  bounded  third  partial  derivatives. 

For  a  given  outcome  y(k)  =  y,  we  have  by  Taylor's  theorem  that 
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(72)  f [X(k-l)  +  aj^h  +  y,k]   =   f[X(k-l)  +  y,  k-1]  +  fj^[X(k-l)  +  y,k-l]a^h 

+  f^fXCk-l)  +  y,k-l]h  +  o(h) 

where, as  in  section  II,  subscripts  on  f  denote  partial  derivatives. 
Similarly,  for  a  given  outcome  u(k)  =  u,  we  have  that 

(73)  f[X(k-l)  +  Oj^h  +  uv^.k]  =  f[X(k-l),k-l]  +  f^[X(k-l),k-l][aj^h  +  u^] 

+   f2[X(k-l),k-l]h  +  yf^^[X(k-l),k-l]u^h  +  o(h). 
By  the  properties  of  conditional  expectation,  it  follows  that 

(74)  Vl^^^^^  "  f'(*^-l>]   =   Mk)hEy_^[F(k)  -  F(k-l)]  +  (l-X(k)h)EjJ_^[F(k)-F(k-l)] 

Substituting  from  (72)  and  (73)  into  (74)  and  eliminating  explicit  representa- 
tion of  terms  that  are  o(h),  we  can  rewrite  (74)  as 

(75)  Ej^_^[F(k)  -  F(k-l)]   =  [yf^^[X(k-l),k-l]aJ  +  f^[X(k-l),k-l](aj^-A7) 

+f2[X(k-l),k-l]  +  XEj^_^{f[X(k-l)  +  y(k),k-l] 

-  f[X(k-l),k-l]}Jh  +  o(h). 

If  in  a  corresponding  fashion  to  equation  (23),  we  define  the  conditional 
expected  change  in  F  per  unit  time  to  be  Mj^  =  E    [F(k)  -  F(k-l)]/h,  then 
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by  dividing  (75)  by  h  and  taking  the  limit  as  h  ->  0,  we  can  write  the 
instantaneous  conditional  expected  change  in  F  per  unit  time,  y(t),  as 


(76)   y(t)  =  yf^3^[X(t),t]a^(t)  +  f^[X(t).t][a(t)  -  X(t)y(t)]  +  f2[X(t),t] 


+  X(t)E^{f[X(t)  +  y(t),t]  -  f[X(t),t]}. 

Note:   in  the  special  case  when  X(t)  =  0  and  there  are  no  Type  III  outcomes, 
the  expression  for  )j(t)  in  (76)  reduces  to  the  corresponding  limiting  form 
of  (23)  derived  in  section  II. 

In  a  similar  fashion,  the  higher  conditional  moments  for  the  change  in 
F  can  be  written  as 

(77)    Ej^_^{[F(k)  -  F(k-l)]^}   =   |^AEJ^_^{f[X(k-l)  +  y(k),k-l]  -  f[X(k-l),k-l]}' 


+  f^[X(k-l),k-l]a^lh  +  o(h) 


and  for  N  >  2, 


(78)     E^_j^{[F(k)  -  F(k-l)]"}   =   XEjJ_^{f[X(k-l)  +  y(k)  ,k-l]  -  f  [X(k-l)  ,k-l]  }\  +  o(h) 


As  was  the  case  for  the  moments  of  X(k)  -  X(k-l) ,  all  the  moments  of  F(k)  -  F(k-l) 
are  of  the  same  order  of  magnitude,  and  only  the  Type  III  outcomes  contribute 
significantly  to  the  moments  higher  than  the  second.   Hence,  in  the  limit  of 
continuous  trading,  the  only  characteristics  of  u(k)  which  matter  are  its 
first  two  moments . 
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If  we  now  reintroduce  Assumption  (E.5)  that  the  stochastic  process 

for  X(t)  is  Markov,  then  X(k)  =  X[X(k-l),  k-1];  Oj^  =  aj^[X(k-l)  ,k-l] ;  a^(k) 

2 
=  a    [X(k-l) ,k-l];  and  g,  (y),  the  conditional  density  function  for  y(k),  can 

U  K. 

be  written  as  g[y(k);  X(k-l),k-l].  As  defined  in  (41)  of  section  II,  let 
p[x,t]  denote  the  conditional  probability  density  for  X(T)  =  X  at  time  T, 
conditional  on  X(t)  =  x.  For  fixed  X  and  T,  p[X(t),t]  is  a  random  variable 
which  is  a  function  of  the  security  price  at  time  t.  Hence,  in  the  limit 
of  continuous  trading,  the  instantaneous  expected  change  in  p  per  unit 
time  will  satisfy  (76).  However,  because  p  is  a  probability  density,  its 
expected  change  is  zero.  Substituting  the  condition  that  y(t)  =  0  into 
(76),  we  have  that  p  must  satisfy 


(79)        0     =     |^uPii[x,t]   +   (a-Xy)p^[x,t]   +  P2[x,t]   +  X/p[x+y ,t ]g(y ;x,t)dy 


which  is  a  linear  partial  differential-difference  equation  for  the  transition 

2 
probabilities  p[x,t].  Hence,  knowledge  of  the  functions  a  ,a,X,  and  g  is 

sufficient  to  determine  the  probability  distribution  for  the  change  in  X 

between  any  two  dates.   Moreover,  from  (79),  it  can  be  shown  that  the 

asymptotic  distribution  for  X(t)  is  identical  to  that  of  a  stochastic 

process  driven  by  a  linear  superposition  of  a  continuous-sample-path  diffusion 

21/ 
process  and  a  "Poisson-directed"  process. —   That  is,  let  Q(t+h)  -  Q(t) 

be  a  Poisson-distributed  random  variable  with  characteristic  parameter 
X[X(t),t]h.   Define  formally  the  differential  dQ(t)  to  be  the  limit  of 
Q(H-h)  -  Q(t)  as  h  -»^  dt.   It,  then,  follows  from  the  Poisson  density  func- 
tion that 
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(80)  dQ(t)  =  0  with  probability  1  -  X[X(t),t]dt  +  o(dt) 
=  1  with  probability  X[X(t),t]dt  +  o(dt) 
=  N     with  probability      o(dt) ,  N  =  2,  .  .  . 

Define  the  random  variable  X^(t)  by  the  process  dX-.  (t)  =  y(t)dQ(t)  where 
y(t)  is  a  0(1)  random  variable  with  probability  density  g(y;X(t),t).   Then, 
dX  is  an  example  of  a  "Poisson-directed"  process.   Note:   the  instantaneous 
expected  change  in  dX,  is  Xy(t)dt.   Define  a  second  random  variable  X„(t) 
by  the  process  dX2(t)  =  a  dt  +  a'dZ  where  dZ  is  a  Weiner  process  as  defined 
by  (45)  in  section  II.   From  (47)  in  section  II,  dX„  is  a  diffusion  process 
with  a  continuous  sample  path.   If  the  function  a'  is  chosen  such  that 
a'  S  a[X(t),t]  -  X[X(t),t]y(t)  and  o'    =  a    [X(t),t],  then  from  (79),  the 
limiting  process  for  the  change  in  X,  dX(t),  will  be  identical  to  the  process 
described  by  dXj^(t)  +  dX2(t). 

Hence,  with  no  loss  In  generality,  we  can  always  describe  the  continuous- 
trading  dynamics  for  X(t)  by  the  stochastic  differential  equation 


(81)   dX(t)   =   {a[X(t),t]  -  X[X(t),t]y(t)}dt  +  a[X(t),t]dZ(t)  +  y(t)dQ(t) 

2 
where  a   is  the  instantaneous  expected  change  in  X  per  unit  time;  a  is  the 

instantaneous  variance  of  the  change  in  X,  conditional  on  the  change  being 

a  Type  I  outcome;  X  is  the  probability  per  unit  time  that  the  change  in  X 

is  a  Type  III  outcome;  and  y(t)  is  the  random  variable  outcome  for  the 

change  in  X,  conditional  on  the  change  being  a  Type  III  outcome.   As  was 

discussed  in  section  II,  the  stochastic  differential  representation  in  (81) 

t 
is  actually  defined  by  a  stochastic  integral,  X(T)  -  X(0)  =  /  dX(t). 
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Of  course,  if  X  =  0  and  only  Type  I  outcomes  can  occur,  then  (81)  reduces 
to  (47)  in  section  II. 

In  a  similar  fashion,  it  can  be  shown  that  stochastic  differential 
representation  for  F  can  be  written  as 

(82)   dF(t)  =  i|0^f^^[X(t),t]  +  [a-X7]f^[X(t),t]  +  f2[X(t),t]|dt 

+  af^[X(t),t]dZ(t)  +  |f[X(t)-Hy(t),t]  -  f[X(t),t]|dQ(t). 

Thus,  if  the  dynamics  of  X(t)  can  be  described  by  a  superposition  of  dif- 
fusion and  Poisson-directed  processes,  then  the  dynamics  of  well-behaved 
functions  of  X(t)  can  be  described  in  the  same  way.   Hence,  (82)  provides  the 
transformation  rule  corresponding  to  Ito's  Lemma  for  pure  diffusion  processes. 

In  summary,  if  the  economic  structure  to  be  analyzed  is  such  that 
assumptions  (E.l)  -  (E.5)  obtain,  then  in  continuous-trading  models  security 
price  dynamics  can  always  be  described  by  a  "mixture"  of  continuous-sample- 
path  diffusion  processes  and  Poisson-directed  processes  with  no  loss  in 
generality.   The  diffusion  process  component  describes  the  frequent  local 
changes  in  prices  and  is,  indeed,  sufficient  in  structures  where  the  magni- 
tudes of  the  state  variables  cannot  change  "radically"  in  a  short  period 
of  time.   The  Poisson-directed  process  component  is  used  to  capture  those 

rare  events  when  the  state  variables  have  non-local  changes  and  security 

,,22/ 
prices  jump. — 

While  the  introduction  of  a  "jump"  component  provides  a  significant 

complication  to  the  analysis  over  a  pure  diffusion  process,  the  analysis 
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of  the  general  continuous-trading  model  is  still  much  simpler  than  for  its 
discrete-trading  counterpart.   As  (79)  demonstrates,  the  transition  proba- 
bilities are  completely  specified  by  only  the  four  functions:   a,a,X,  and  g. 
Not  only  does  this  simplify  the  structural  analysis,  but  it  makes  the  test- 
ing of  these  model  structures  empirically  feasible.   Indeed,  because  for 
a  given  magnitude  of  change,  each  of  the  components  has  a  different  "time 
scale,"  it  should  be  possible  to  design  tests  such  that  these  various  func- 
tions can  be  identified.   For  example,  by  using  time  series  data  with  very 
short  time  intervals  between  observations,  one  could  identify  any  "nonlocal" 
price  movement  between  observations  as  a  "jump,"  and  hence,  calculate 

an  estimate  of  X.      Similarly,  the  square  of  any  local  price  movement  between 

2  2 

observations  could  be  used  to  estimate  a  .   Finally,  armed  with  X  and  o   , 

the  price  movements  over  relatively  long  time  periods  could  be  used  to 

estimate  a  and  y. 


FOOTNOTES 
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1.  Merton  [1975b].   Merton  [1971]  and  [1973b]  studies  the  intertemporal 
portfolio  selection  problem  with  continuous  trading.   In  a  seminal 
paper.  Black  and  Scholes  [1973]  use  the  continuous-trading  assumption 
to  derive  a  pricing  formula  for  options  and  corporate  liabilities. 
Smith  [1976]  provides  an  excellent  survey  article  on  this  approach 

to  the  pricing  of  corporate  liabilities. 

2.  See  Arnold  [1974],  Cox  and  Miller  [1968],  Ito  and  McKean  [1964],  McKean 
[1969],  and  McShane  [1974]  for  the  general  mathematics  associated 

with  diffusion  processes  and  stochastic  differential  equations. 
Kushner  [1967]  presents  the  optimal  control  and  stability  analysis  for 
dynamics  described  by  these  processes. 

3.  See  Bourgnignon  [1974]  and  Merton  [1975a]  for  neoclassical  growth 
models  under  uncertainty  that  use  diffusion  processes. 

4.  See  Merton  [1975b]. 

5.  For  a  formal  definition  of  the  Martingale  and  discussions  of  its  prop- 
erties, see  Feller  [1966,  Volume  II,  pp.  210-215;  234-238]. 

6.  See  Fama  [1965b]  and  [1970]  and  Samuelson  [1965]  and  [1973]. 

7.  See  Mandelbrot  [1963a]  and  [1963b];  Fama  [1963]  and  [1965a];  and 
Samuelson  [1967]. 
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8.  Actually,  the  analysis  will  go  through  even  if  Assumption  (E.3) 

is  weakened  to  allow  V(k)  =  0  in  some  of  the  trading  intervals  pro- 
vided that  the  number  of  such  intervals  has  an  upper  bound  independent 
of  n.   However,  since  virtually  all  "real-world"  financial  securities 
with  uncertain  returns  exhibit  some  price  uncertainty  over  even  very 
small  time  intervals,  the  assumption  as  stated  in  the  text  should 
cover  most  empirically-relevant  cases. 

9.  The  class  can  be  expanded  to  include  continuous  distributions  with 
bounded  ranges  and  most  well-behaved  continuous  distributions  with 
unbounded  ranges  (e.g.,  the  normal  distribution).   However,  to  do  so, 
the  mathematical  analysis  required  to  prove  the  results  derived  in  the 
text  would  be  both  longer  and  more  complex.   Because  this  additional 
mathematical  complexity  would  provide  little,  if  any,  additional  in- 
sights into  the  economic  assumptions,  to  have  included  this  larger 
class  would  have  been  at  cross  purposes  with  the  paper's  objectives. 

10.  This  condition  is  called  the  "Lindeberg  condition."  See  Feller 
[1966,  Volume  II,  p.  321;  491]  for  a  discussion. 

11.  The  assumption  that  f  has  bounded  third  derivatives  is  not  essential 
to  the  analysis,  but  is  simply  made  for  analytical  convenience. 
Actually,  all  that  is  required  is  that  the  third  derivatives  be 
bounded  in  a  small  neighborhood  of  X(t)  =  X. 

12.  For  a  statement  and  proof  of  the  Law  of  Large  Numbers  for  Martingales, 
see  Feller  [1966,  Volume  II,  Theorem  2,  p.  238]. 

13.  See  Feller  [1966,  Volume  II,  Chapter  X,  pp.  311-343]  for  a  formal 
definition  and  a  discussion  of  the  properties  of  Markov  processes. 
The  Markov  assumption  is  almost  universal  among  substantive  models 
of  stock  price  returns. 
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14.  See  Cox  and  Miller  [1968,  pp.  16-18]  for  a  brief  discussion  and  further 
references  on  this  method. 

15.  See  Cox  and  Miller[1968,  p.  215]. 

16.  See  Feller  [1966,  Volume  II,  Theorem  1,  p.  488]. 

17.  See  McKean  [1969]  for  an  excellent,  rigorous  discussion  of  Weiner 
processes.   Cox  and  Miller  [1968,  Chapter  5]  provides  a  less  formal 
approach. 

18.  For  a  rigorous  proof  of  Ito's  Lemma,  see  McKean  [1969,  p.  32].   For 
its  application  in  economics,  see  Merton  [1971],  [1973a],  and  [1975a]. 

19.  The  binomial  distribution  which  satisfies  these  conditions  must  have 

u,  =  1  with  probability  1/2  and  u„  =  -1  with  probability  1/2. 

2 
Hence,  in  this  special  case,  u  (t)  =  1  with  probability  one,  and 

therefore,  the  0(h)  stochastic  term  analyzed  in  (24),  (30),  (31), 

(32),  and  (33)  will  be  zero  even  for  finite  h. 

20.  See  McKean  [1969,  p.  44]  for  the  proof  of  Ito's  Lemma  for  vector 
processes.   Also  see  Cox  and  Miller  [1968,  pp.  246-248]. 

21.  See  Cox  and  Miller  [1968,  pp.  237-246]  for  the  formal  analysis  of 
"mixed"  processes  of  this  type  where  it  is  shown  that  such  processes 
will  have  transition  probabilities  which  satisfy  (79).   For  "jump" 
processes  alone,  see  Feller  [1966,  Volume  II,  pp.  316-320]. 

22.  For  examples  of  Poisson-directed  processes  in  intertemporal  portfolio 
selection,  see  Merton  [1971,  pp.  395-401].   For  studies  of  the  impact 
on  corporate  liabilities  pricing  theory  when  the  underlying  state 
variables  have  "jump"  components,  see  Cox  and  Ross  [1976]  and  Merton 
[1976]. 
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